PRACTICE EXAMINATION NUMBER 6

1. An insurance company examines its pool of auto insurance customers and gathers the
following information:

(i) All customers insure at least one car.

(i) 64% of the customers insure more than one car.

(i) 20% of the cstomers insure a sports car.

(iv) Of those customers who insure more than one car, 15% insure a sports car.

Calculate the probability that a randomly selected customer insures exactly one car and that car
is not a sports car.

A.0.16 B.0.19 C.0.26 D.0.29 E.0.31

2. The lifetime of a machine part has a continuous distribution on the interval (0, 40) with
probability density functionf,, where fx(x) is proportional tc(10+ x)!z. Calculate he
probability that the lifetime of the machine part is less than 5.

A. 0.03 B.0.13 C.042 D. 0.58 E. 0.97

3. An insurerOs annual weathelated lossX, is a random variable with density function

" 2.512007°
fx (X) _ 2T, forx > 200,

%0, otherwise.
Calculate the diffaance between the 2B and 75th percentiles oX.

A. 124 B. 148 C. 167 D. 224 E. 298

4. A device runs until either of two components fails, at which point the device stops running.
The joint density function of the lifetimes of the two compondmish measured in hours, is

foy(xy)= % for 0<x<2 and0<y<2. What is the probability that the device fails

during its first hour of operation?

A. 0.125 B. 0.141 C.0.391 D. 0.625 E. 0.875

5.Let Xy, X(Z),E . X be the order statistics from a random sample of size 6 from a distribution
with density function
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12x, forO<x<1,

fi(x)="

#0, othewise.
What is E(X(ﬁ))?

E12

A. 1 B. L —
2 13

wIiN
O
ol

p. 2
-

6. Let X be a normal random variable with mean 0 and variareé. CalculatePr(X2 < a).

A. 0.34 B. 0.42 C.0.68 D.0.84 E. 0.90

7. An urn contains 100 lottery tickets. There is one ticket that wins $50, three tickets that win
$25, six tickets that win $10, and fifteen tickets that win $3. The remaining tickets win nothing.
Two tickets are chosen at random, withreicket having the same probability of being chosen.
Let X be the amount won by the one of the two tickets that gives the smaller amount won (if both
tickets win the same amount, théms equal to that amount). Find the expected valbé of

A.0.1348 B.0.0414 C.0.2636 D.0.7922 E. Does not exist

8. (X, X,, X;) is a random vector with a multivariate distribution with the expected value
(0,0,0) and the variance/covariance matrix:

14 15 1%
§1.5 1 o.5§
#1 05 1&

If a rardom variableW is defined by the equatiok, = aX, + bX; +W and it is uncorrelated
with the variablesX, and X, then the coefficierd must equal:

Al B. C. D. 2 E.

wl b
wlo
wl~

9. A random variabl& has the exponential distribution with me{l}m Let | x" be the greatest

integer function, denotintipe greatest integer among those not exceediich of the
following is the correct expression for the expected valud ef] X]?
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!

1 119 1 /
A. ﬁ—g B. #—é"— c..t.1 p & g 1
! fy 2 "2 e "1 e’ 11

10. X andY are independent and both distributed uniformly from 0 to 20. Find the probability
density function ofZ = 25X! 10v.

A. f,(z)=1.5 where norezero
B. Stepwise formula:

|
#2001 z =\ o000 0
fooooo
1
f,(z2)=¢ =, 0" z<30Q
5, 300
0500+ z

. 300" z" 500.
% 00000

C. f,(z)= 2—30 where norzero

P L,
D. f,(z)=200e 2, forz> 0, zero otherwise
E. Stepwise formula:

#2004+ z
. 1200" z<0,
;ég/ 00000
1
f(2)=4 —, 0" z<30
:(2) ;5/0 500 .
500! z

. 300" z" 500.
% 00000

11.Let X, X(Z),E , Xg be the order statistics from a random samflex, E , X, of size 8
from a continuous probability distribution. What is the probability that the median of the
distribution under consideration lies in the interba,, X ;) &?

110 B 112 c 119 D 124

L jp— L — . — E. Cannot be determined
128 128 128 128

12.1n a block of car insurance business you are considering, there is a 50% chance that a claim
will be made during the upcoming year. Once a claim is submittedigine size has the Pareto
distribution with parameters = 3 and!/ =1000. Only one claim will happen during the year.
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Determine the variance of the unconditional distribution of the claim size.

A. 62500 B. 437500 C.500000 D. 750000 E. 1000000

13. A random vectof X,Y) has the bivariate normal distribution with me@0) and the
11 0
variancecovariance matri>%tO 1; Find the probability thafX,Y) is in the unit circle centered
C
at the origin.

A.0.2212 B.0.3679 C.0.3935 D.0.6321 E.0.7788

14.You are given thaX andY bothhave the same uniform distribution on [0, 1], and are

independentU = X+Y andV = X—>:\( Find the joint probability density function dii{ V)

11 1%
luated at th —,=
evaluated a ep0|r3;t2 28

A.0 B. C. E. 1

NI

Wl
o

N[

15. Three fair die are rolled ani is the smallest number of the three values resulting (if more
than one value is the smallest one, we still use that value) FE(t= 3).

3 g3 38 39 40
216 216 216 216 216
, , o 1 1
16. The momengenerating function of a random variablés M, (1) = Z+Z!E' for t>1.

! $
Calculate the excess &f 4 X > g + §§ over its best upper boumiven by the (twesided)
(

ChebyshevOs Inequality.

A. 0.35 B. 0.22 C.0 D.b0.15 E.D0.20

17.The time to failureX of an MP3 player follows a Weibull distribution. It is known that
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Pr(X>3)= —i, and thatPr (X >6) = e_l‘" Find the probability that this MP3 player is still

functional after 4 years.

A.0.0498 B.0.0821 C.0.1353 D.0.1690 E.0.2231

1
18.You are given that the hazard rate for a random varkaise , (x) = =x 2 for x>0, and

N

zero otherwise. Find the meanXf

Al B.2 C.25 D.3 E.3.5

19. Let P be the probability that an MP3 player produced in a certain factory is defectiv® with
assumeda priori to have the uniform distribution on [0, 1]. In a sample of lnmedred MP3

players, 1 is found to be defective. Based on this experience, determine the posterior expected
value ofP.

20. You are given thaPr(A)zg, Pr(A! B):g,Pr(B|A):%, Pr(C|B)==,and
Pr(ClAN B)=%. Find Pr(A/BNC).
Al B. 2 c.> D. 2 e L

3 5 10 2 4

21.Let X,,....X, be the order statistics from the uniform distribution on [0, 1]. Find the
correlation coeffieent of X, and X,,.

A.!l B.!i C.0 D.i E.1
n n+1 n+1 n
. T . . 1 #}(Inx#,u)2
22. A random variabl& has the lognormal distribuibn with density f, (x) = ——"e 2

X2/
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for x> 0, and 0 otherwise, wheye is a constant. You are given tHat(X ! 2) = 0.4. Find

E(X).

A. 4.25 B. 4.66 C.4.75 D. 5.00 E. Cannot be deternead

23.You are given a continuous random variable with the derfgify) = %x +% for -1<x<1,

and 0 otherwise. Find the densityoE X?, for all points where that density is nonzero.
1 3

A — B. 2y :
2y 2y

24. An insurer has 10 independent gpear term life insurance policies. The face amount of each
policy is 1000. The probability of a claim occurringlie year under consideration is 0.1. Find
the probability that the insurer will pay more than the total expected claim for the year.

A.0.01 B.0.10 C.0.16 D. 0.26 E.0.31

25. An insurance policy is being issued for a loss with the following disclistribution:
_ 12, with probability 0.4,
420, with probability 0.6.

Your job as the actuary is to set up a deductidta this policy so that the expected payment by
the insurer is 6. Find the deductible.

Al B.5 C.7 D. 10 E. 15

26. For a Poisson random variaiNevith mean!/ find lim E(N| N #1).

Al B.0 C.1 D. e E. Cannot be determined

27.Xis a normal random variable with mean zero and vari%nde is distributed

exponentially with mean X andY are independent. Find the probabiIF?;/(Y > XZ).
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e V2
2

N~

1 e 1
A — B. . — C. D.
Je V! J2!

28. Xpy, X2 E, X (a00) @re order statistics from a continuous probability distribution with a

finite mean, mediam and variance 2. Let ! be the cumulative distribution function of the
standard normalistribution. Which of the following is the best approximatiorm(x(zzo) ! m)

using the Central Limit Theorem?

Al (0.05”) B.0.0049 C.0.0532 D.0.0256 E. CI)(A)]
o

29.N is a Poisson random variable suctt thg{N ! 1) =2"Pr(N =2). Find the variance df.

A. 0.512 B.1.121 C.1.618 D. 3.250 E. 5.000

30. There are two bowls with play chips. The chips in the first bowl are numbered 1, 2, 3, E,
10, while the chips in the second bowl are numbered 6, 7, 85EQne chip is chosen randomly
from each bowl, and the numbers on the two chips so obtained are compared. What is the
probability that the two numbers are equal?

C. 1 D. — E. 1
10 40 50

A.

N~
w
gl
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PRACTICE EXAMINATION NO. 6
PRACTICE EXAMINATION NUMBER 6
SOLUTIONS

1. P Sample Exam Question®?roblem No. 1Q alsoDr. OstaszewskiOs online exercise posted
September 1 2007

An insurance company examines its pool of auto insurams®mers and gathers the following
information:

(i) All customers insure at least one car.

(i) 64% of the customers insure more than one car.

(iif) 20% of the customers insure a sports car.

(iv) Of those customers who insure more than one car, 15%giassports car.

Calculate the probability that a randomly selected customer insures exactly one car and that car
is not a sports car.

A.0.16 B.0.19 C.0.26 D. 0.29 E.0.31

Solution.
Always start by labeling the events. &be the event of insurina sports car (n@,because we
reserve this for the entire probability space), lshole the event of insuring multiple cars. Note

that M © is the event of insuring exactly one car, as all customers insure at least one car. We are
given that:Pr(M)=0.64, Pr(C)=0.20 andPr(C|M)=0.15. We need to findr(M® 1 C°).
We recall De MorganOs Laws and then we see that:

Pr(Me1 c®)=Pr((M" C)°)=1#Pr(M" C)=1#Pr(M)#Pr(C)+Pr(M! C)=

=1#Pr(M)#Pr(C)+Pr(C|M)Pr(M)=1#0.64# 0.20+ 0.15$0.64= 0.256.
Answer C.

2. P Sample Exam Question®2roblem No. 35 alsoDr. OstaszewskiOs online exercise posted
May 31, 2008
The lifetime of a machine part has a continuous distribution on the interval (0, 40) with

probability density functionf,, where f, (x) is proportional tc(10+ x)!z. Calculate the
probability that the lifetime of the machine part is less than 5.

A. 0.03 B.0.13 C.042 D. 0.58 E. 0.97

Solution.
We know the density has the forﬁ(10+ x)! ? for0< x < 40 (and is zero otherwiseyhereC

40

is a certain constant. We determine the con&dntm the standard conditioh f, (x)dx = 1.
0
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We have:
40 a4 C C 2

1= "C(10+x) “dx=1 C(10+x)"| "= =1 ===,
0 o 10 50 25

and thereforeC = %’ =12.5. Now we can calculate the probability théak 5 as the integral of

the density over the interval (0, 5):

"=125 (i _ ij = 0.4167
0 15

X=

5 —
[12.5(10+ x)*dx=-12.510+x) | _
! 10

Answer C.

3. P Sample Exam QuestionsProblem No. 61 and Dr. OstaszewskiOs online exercise posted
December 152007
An insurerOs annual weathelated lossy, is a random variable with dgity function
2.5.200%°
()= x°
0, otherwise.
Calculate the difference between thetBmnd 75th percentiles oX.

forx > 200,

A. 124 B. 148 C. 167 D. 224 E. 298

Solution.
The cumulative distribution function &fis given by

X I 5 5] 5
F(x)= " 2.5.5902 tz#zoztf 1y 202052
t = X
200 200

for x>200. Therefore, th@-th percentilex, of Xis given by

5
5 " 0B
0.01p=F(x,)=11 2% =1, ﬁﬁ. |
X, X, &
2
or (1! 0.01p)s = 290 resulting inx, = AZ It follows that
%p (1-0.01p)s
Xog ! 35 =220 1 290 193 8997
0.25 0.7%

Answea A.
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4. P Sample Exam QuestiongProblem No. 77 alsoDr. OstaszewskiOsnline exercise posted
March 14, 2009

A device runs until either of two components fails, at which point the devise stops running. The
joint density function of the lifetimes of th&vo components, both measured in hours, is

fey(xy)= % for 0<x<2 and0<y<2. What is the probability that the device fails

during its first hour of operation?
A. 0.125 B.0.141 C.0.391 D. 0.625 E. 0.875

Solution.

Probability that the device fails within the first hour is calculated by integrating the joint density
function over the shaded region shown below.

1 2 X

This is best performed by integrating over theshaded region and thealgracting the result
from 1:
2 2 x=2
1

22
Pr({x<g! {r<g)=1" j#%dx dy=1" #%
11

a1 P a1 )
=1 EZ:,(4+4y 1" 2y)dy=1 ES715,(3+2y)dy_1 1—6(3y+y)

x=1
2

1

=1" i(6+4" 3" 1):1" E:@:O.BZS.
16 16 16

Answer D.

5. May 1983 Course 110 Examination, Problem No. 50
Let X(l),X(z),E X be the order statistics from a random sample of size 6 from a distribution

with density function
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12x, forO<x<1,

#0, othewise.

E12

A. 1 B. 2 C. .
2 3 13

ol
o
Nl o
|

Solution.
The CDF of the originalidtribution is:

Fe(x)= 12t =12 = x?
0

for 0< x <1. We also haver, (x) =0 for x<0, andF, (x)=1 for x! 1. Therefore,

Fe, (X) = Pr(X(6) ! x) =(F,(x))° =x* for 0<x<1. Also, F, (x)=0 for x! 0 and

Fe (x)=1for x>1. Hence, for0<x<1, See (x)=1! x**, and S, (X)=0 for x! 1.
Therefore,
1

#xed 12
E(Xq) = "(¢! xlz)olx:g ! %aozl—g.

0
Answer E.

6. February 1996 Course 110 Examination, Problem No. 2
Let X be a normal random variable with mean 0 and varianesé. CalculatePr(X2 < a).

A. 0.34 B. 0.42 C.0.68 D. 0.84 E. 0.90

Solution.

Sincea >0, anda s the variancey/a is the standard deviation %f Therefore, if we denote a
standard normal random variable Hyand the sandard normal CDF by , we get

g %
Pr(x? <a) = Pr(1 va < x <a) = Prg o ° X10 _Yal 0% oy czcq)=

¥ Va2 Va a s
=( (1! (()=¢@) (1 ((1)=2( (1) 1=2)0.8413 1=0.6826.

Answer C.

7. Dr. OstaszewskiOs online exercise posted March 12, 2005
An urn contains 100 lottery tickets. There is one ticket that wins $50, three tickets that win $25,

six tickets that win $10, and fifteen tickets that win $3. The remaining tickets win nothing. Two
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tickets are chosen at random, with each ticket having the same probability of being choXen. Let

be the amount won by the one of the two tickets that ghasmaller amount won (if both
tickets win the same amount, théms equal to that amount). Find the expected valbé of

A.0.1348 B.0.0414 C.0.2636 D.0.7922 E. Does not exist

Solution.
The possible values &fare: 25, 10, 3, and 0. Furthermore,
11$,13% 13%
Pr(x = 25) = #1818 o8 3+3 _ 1 2 1
1100$ 99' 50 33 25 1650 825
#2 &
(one $25 ticket and one $50 ticket, or two $25 tickets),
14$ 16% 6%
Pr(X =10) #1818 o8 24+15_ 13 _ 13
1100$ 99'50 33 50 1650
#2&
(one $10 ticket and one $50 or $25 ticket, or two $10 tickets),
1256 1 75% | 75%
Pr(x =0) = #1841 8 #28 62'25_1550
1100$ 1650 1650
#2 &

(for X = 0, one $0 ticket and one othekgt, or two $0 tickets)
Pr(X=3)=1-Pr(X=10)-Pr(X =25)-Pr(X=0) =
13 1 1550 85
1650 825 1650 1650

Thus
E(X) 2512 10'13 3185 50+130+255 435 29

" 0.2636
1650 1650 1650 1650 1650 110

Answer C.

8. Dr. OstaszewskiOs online exercise posted March 19, 2005
(X, X,, X,) is a random vector with a multivariate distribution with the expewadst (0,0,0)
and the variance/covariance matrix:

14 15 1%

# &
45 1 0.5&.

#1 05 1&

ASM Study Manual for Carse P/1 Actuarial Examination. © Copyright 268309 by Krzysztof Ostaszewski - 267-



PRACTICE EXAMINATION NO. 6
If a random variabl&V is defined by the equatioK, = aX, + bX; +W and it is uncorrelated

with the variablesX, and X, then the coefficierd must equal:

Al B. C. D. 2 E.

wl b
wlo
wl~

Solution.
We haveW = X, ! aX,! bX;, and therefore,

Cov(W, X,) =Cov(X, ! aX,! bX;,X,)=Cov(X,,X,)! avar(X,)! bCov(X,, X, )=

=15! al 0.50=0,
Cov(W, X;) = Cov(X, ! aX, ! bX;, X;) =Cov(X, X,)! aCov(X,,X,)! bVar(X,)=
=1! 0.5a! b=0,

Hence,3! 2a=1! 0.5a, so that2 =1.53, anda:%.

Answer B.

. . . . . . 1 n
9. A random variabl& has the exponential distribution with mean Let | x" be the greatest

integer function, denoting the greatest integer among those not exceedihgh of the
following is the correct expression for the expected valud of! X"?

1 119 1 /
A. ﬁ—g B. #—é"— c.t.1 p_® g1
! 18 2 "2 e€"1 e’ 11

Solution.
Note thatN is a discrete nenegative random variable, so that its expected value can be
calculated as:

+ - - - $9 1
E(N=#Pr(N! n)=#Pr(I X"t n)=# Pr(X! n=# &% =— = .
( ) f'fl ( n) ﬁ:l ( n) ffl ( n) Z,l:fle 1% e$% e%$1

Answer E.

10.Dr. OstaszewskiOs online exercise posted May 14, 2005
X andY are independent and both distributed uniformly from 0 to 20. Find the probability
density function ofZ = 25X 10v.

A. f,(z)=1.5 where norzero
B. Stepwise formula:
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#200! z
. 1200" z<0,
;aooooo
f,(2)= zi, 0" z< 300,
o5 300
0500+ z

. 300" z" 500.
%00000

C. f,(2)= 2—30 where norzero

P L,
D. f,(z)=200e 2, forz> 0, zero otherwise
E. Stepwise formula:

#2004+ z
. 1200" z<0,
;ég/ 00000
1
f(2)=4—, 0" z<30
:(2) ;5/0 500 .
500! z

. 300" z" 500.
%00000

Solution.
This problem can be solved in a sinfiglil way, but we will discuss three possible solutions, in a
drawnout fashion, in order to fully explain approached to such problems involving sums or

differences of random variables. To begin with, note the followi§x) = 2—10 for 0 <x <20,

and zero otherwise, as well z{gs(y) = %} for 0 <y < 20, and zero otherwise, and finally

¢ ( ) 1.1 1
Y= 56720~ 400

for 0 <x <20 and 0 < <20, and zero otherwise. There are actually three possible approaches to
solving this the multivariate transformation approach, the convolution approach, and the CDF
approach. You should know all of them for Exam P/1, so all three will be presented here.
¥ Multivariate transformation
LetW =10y and Z = 25X ! 10Y. This defires a transformation

(W,z)=1 (X,Y)=(10v,25X" 10Y),
whose inverse is

|1 _HW+Z Wg

1Y (w,2) s 100
You might wonder: how do | know that | am supposed to Wck 10Y? In fact, you are not
supposed to pick anything. Your objective is to find a second fundtigraodY such that you
will be able to find the inverse of the transformation so obtained. There is no unique answer. In
this caseW =Y would do the job, so woull/ = 25X + 10Y,and so would inifinitely many other
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choices. The key insight is that you shibe able to quickly find * and then find the
determinant of its derivative (tllacobian) Let us find that derivative now (we switch to lower
case variables because this is what we will use in the density calculation):

o B( ol 1(

( "1)#(W,z)::$N $2,_.25 25,

& &+ 01 0~
&Sw $zj &0
Therefore,
"X !_x%
!(x,y):det%Wv !z::(i_
I (w,2) sy !y 250
Pw 1z&
This gives

B [y 111
fw,z (W, Z) - f><,Y (X(W’ Z)'y(W' Z)) " (W,i)% - 400 250 h 100000

We also have to figure out the rangesvicandz. Asw = 10y and 0 <y < 20, we have

w < 20, and this means that

Z+w zZ+
0<w<200.Also, asO0<x<20 andx:2—5, so thatO <

I w<z<500! w or equivalently! z<w<500! z Graphically,

z=500! w
TNz
Z=!w
— ) =200
22300 44N
i:i I
2=1200 '

Given that, we can now figure out the marginal deri
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f, (Z) = I fW,z (W’ Z)dW =
al vauesof w
$ 200 1 (
I dw, "200#z<0,g $200+z

& 100000 & Sooooy | 200%2<0
é 200 1 g 1

—/0 dw, 0#z< 300 )—% 0#z<300
& 5 100000 % & 500’
8&500" 7 & &500" z

1 300# z# 500.
& | dw, 300# z# 500& &1 0000
& ¢ 100000 100000
Answer E.

¥The convolution method
Recall that ifX andY have a continuous joint distribution and are continuous, then the density of
X+Y is

4

fX+Y (S) - #fxv (X s! X)dX
If XandY are mdependﬂ then

fror (8)= #f (X) f (st x)dx

In this case, we are adding
¥U = 25X, which has the uniform distribution on (0, 500), and is independent of
¥V = B10Y, which has the uniform distribution oB200, 0).

The density olJ is 5—;0 where norzero, and the density dfis 2—;0 where norzero. Thus

1 1 1 1
w(8)= $f, (u)! 1, (s" u)du= —!l—odu= ——Il—du=
U ’ $ 0%1%5% and 500 200 0%1%5%) and 500 200
" 20096" u%0 SYuYs+200
& s+200 1 * 2
( $ du, "200%s<0, ( 200+s
’ ’ ., "200%s<0,
(o 100000 ( E 100000
‘g S+§;O L du, 0%s<300 g—( 1 0%s < 300
(% 100000 ’ ( ( 500
( s00 4 ( ( 500"s /e
( du, 300%s %500. ( . 300%s %500.
5 gslooooo ( f 200000

Answer E, again.
¥The CDF method
We haveZ = 25X ! 10Y. Let us find the CDF of it directly. We have:
F(z2)=pPr(z! 2)=Pr(25X" 10v ! 2).
This probability can be obtained by simply taking the integral of the joint densitaodY over
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the region wher@5X! 10Y " z The figure below shows the region where the joint density is
allowed to play, and the shaded area iemst25X ! 10Y " z

y

T yo25x 01z

20

The problem is that the position of the lige 2.5x! 0.1z can vary ag varies, and we get

different results in different cases. The line crosses the (20®) whenz=500. If z! 500

then the line does not go through the twenty by twenty square at all and the probability of being
above the line is 1. Since the slope of the line is more than 1, the next point where a change

occurs iswhen the line crosses the point (20,20), which occurg f0800. The value of the
CDF ofZ for anyz between 300 and 500 is the area shown in this figure:

y
20 oo
o
RN \y:2.5x—o.u
RN
[ «
20
| —
10

|
The point where the line crosses ®axis is at(x,y) = #%032 and the point where it crosses

" 0
the linex = 20 is at(x,y) = $20,50! %8{0

calculation of probability is therefore

The area of the bottomight triangle left out of the
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14# Z&# Z&
_! Oll - ! O" _ \
> 460" So(1e0" 1

and the corresponding probability% times that, so that the probability we are looking for is:
F,(2) =11 - "§go!

%g,ol il
The correspondlng denS|ty is:

f,(2)=Fi(2) =" ﬁ)é 12’%? 1Zolz 800#;% Zz’%b 1'2

1 z 1 z _ 500" z

400 800#25#10 400 800#25#0 100000
for 300! z! 500. This is the same answer in this range of vabfeghat we obtained before.
The second case starts witfor which the point (20, 20) is crossed by the line, ze.300. This
case is generally described by this figure:

i&u

‘\\\\\-y:ZBX!QH

20

This case ends when the line crosses the originwihenz = 0. Betweerz = 0 andz = 300, the
probability we want to find is just the area of the shaded region as a fraction of the area of the 20

by 20 square. The bottom side of the shaded region has Igziggthromy = 0 and theequation

of the line) and the top side has Ien@thé (fromy = 20 and the equation of the line), so that
its area is

20-(4+ij —g0+2;
25 5

As a fraction of the entire area, this is

80+ﬂz

- 5.1,z
% (2) 400 5+5oo'

Therefore,
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1
fz(z):le(z):% for 01 z! 300.

Again, this is the same answer we obtained befdre.final case is when the line crossesythe
axis above the origin, but below 20. When the line crosses the arigit, When the line
crosseshey-axis at the point (0, 20), we hawe= —200. In this case, the figure looks as follows:

y
\y: 2.5x1 0.1z

20

Wheny = 20, we havex =8 + 2i5 so that the area of the marked triangle is

1 Z%" Z%
=1 8 + — q
2 89" 258 #°9 10%:
The 20 ly 20 square has the area of 400, so that

1 m 2 0%
=1 20+ 8+ 20+ 2.

F, (2) = 2 25& ﬁ 10& ﬁ 25&% 10&

‘ 400 800 '

Therefore,
Z

(D= Fa(g) =L Loy 2%, Lhg, 208 1.6+ o 200+2

12 = 500825870 108" 108° " 2582 800 100000

for 1 200" z" 0. This is again the same formula we obtained before.
Answer E.

11.Dr. OstaszewskiOs online exercise posted Ma2$, 2005 )
Let X, X(z):---» X(g De the order statistics from a random samlex, E , X; of size 8 from a

continuous probability distribution. What is the probability that the median of the distribution
under consideration lies the interval[x(z), X(Y)}?

110 B 112 c 119 D 124

L j— L — . — E. Cannot be determined
128 128 128 128
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Solution.

Let m be the median of the distribution. We are IookingF?o('X(Z) I'm! X(?))' We note the
following:

Pr(X, !t mt X)) =1" Pr({ m< X} # { X < m}) =17 Pr(m< X )" Pr(X, <m).
Now we note thaPr(m < X(Z)) is the same as the probability that in a random sample

X, X,,E , X, of size 8 there are 0 or 1 elements less than or eque(i®., only the first order
statistic can do so, and either the first order statistic is lessrtioaiit is not) As the probability

of being less than or equalrois exactlyz, this amounts to performing eight Bernoulli trials

with the probability of success %f (with OsuccessO being having a piece of the random sample

less than the median) and getting only O or 1 successes, i.e.,

D235

Similarly, Pr(Xm < m) is the probability that either none or one of eight elements of the random

sampleX,, X,,E , X, are greater than or equalrt(i.e., probability that only the eighth order
statistic can be greater tham and either that eighth order statistigreater tham or it is not)

- . . . .
As the probability of being greater than or equahtis exactlyz, this again amounts to
performing eight Bernoulli trials with the probability of success (this time OsuccessO means

getting a numér more than the medipof % and getting only 0 or 1 successes, i.e., the

probability we are looking forPr(Xm < m), is againzi%. Hence:

Pr(X(z) I m! X(7)):1" Pr(m<x(2))" Pr(x(7) <m):
9 9 18 1 9 119

256 256~ 256 128 128

Answer C.

12.Dr. OstaszewskiOs online exercise posted April 2, 2005

In a block of car insurance business you are considering, there is a 50% chance that a claim will
be made during the upcoming year. Once a claim is submitted, the claim size has the Pareto
distribution withparameterd =3 and/ =1000. Only one claim will happen during the year.
Determine the variance of the unconditional distribution of the claim size.

A. 62500 B. 437500 C. 500000 D. 750000 E. 1000000
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Solution.
Let X be the random claim size. This probability distribution is a mixed distribution: 50% in the
Pareto distribution with parametets= 3 and’/ =1000 and 50% in a poiAtmass at 0. Its mean

/
is simply half of the Paretdistribution with parameters =3 and/ =100Q i.e., half of”'—#l,

or %&200: 250. The second moment is also half of the second moment of that Pareto
/2 .
distribution, i.e., halbf 2— or lﬂ = 500000 The variance is therefore
("#2)("#1) 2 1.2
500000 2507 = 437500 ThatOs Answer B. You could also do this problem by noticing that
#0 forX =0,
(YIx)=3 o _
ofareto with/ =3 and " =1000 forX =1.
Therefore

311000
e  _=37500
ey

while E(Y| X) is a multiple of a Bernoulli trial so that,

2
var(E(Y|X)) = L%O;) '0.5'0.5= 62,500

E(Var(Y|x))=0.50!

and
Var(Y) = E(Var(Y| X)) + Var(E(Y| X)) = 375 000+ 62,500= 437,500.
Answer B, again.

13.Dr. OstaszewskiOs online exercise posted April 9, 2005
A random vecto(X,Y) has the bivariate normal distribution with me@0) and the variance

11 0
covariance matri>%tO 1; Find the probability thafX,Y) is in the unit circle centered at the
C
origin.
A.0.2212 B.03679 C.0.3935 D.0.6321 E.0.7788

Solution.
First observe thaX andY, being uncorrelated and having the bivariate normal distribution, are

independent. We are trying to firi?l(X2 +Y?1 1). But X* +Y? has the chsquaredistribution
with two degrees of freedom, or, equivalently, the gamma distribution with parameters

I = g =1 and! = % But any gamma distribution with =1 is an exponential distribution
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"

. 1
whoseparameter id =" and mean is-. So the whole problem merely asks what the

probability is that an exponential distribution with mean 2 is less than 1, and thatOs

1

1! e 2" 0.3935
Answer C.

14.Dr. OstaszewskiOs online exercise posted April 16, 2005
You are given thaX andY bothhave the same uniform distribution on [0, 1], and are

independentU = X+Y andV = X—>:\( Find the joint probability density funom of U, V)

11 1%
luated at th —,=
evaluated a ep0|r3;t2 28

A.0 B. L C. 1 D. 1 E.1
4 3 2
Solution.
We haveX =UV, andY =U ! UV. Therdore,
ax o
a(X’y):det M Ni—gel ¥ Y= _vou+uv=-u.
a(u,v) dy dy 1-v -u
ou ov

This implies that

fuy (W) = £y (x(uv), y(u,v)) l‘ (u,v)

) . 11 1% 1
This density aty—,— ¢ equals—.
y wz 28 q >

Answer D.

15.Dr. OstaszewskiOs online exercise posted April 23, 2005
Three fair dice are rtidd andX is the smallest number of the three values resulting (if more than

one value is the smallest one, we still use that value). Fi(¥ = 3).

36 g 37 c. 38 A g 40
216 216 216 216 216
Solution.
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Pr(X = 3) is the same as the probability that all three dice show a 3 or more, and at least one

shows a 3. This means that the event of all three showing at least 3 happeredebent of all
three of them showing at least a 4 did not happen. This probability is:

. g , 11§  _ 8, 1_64'27_ 37
% 1 &%  T37 8 216 216
All threeshow34 50r6 bUtnOtAII three-§10w4,5, oré

Answer B.

16.Dr. OstaszewskiOs online exercise posted April 30, 2005

, , o 1.3 1
The momengenerating function of a random variablés M, (t) = 2 +leTt for t>1.

! $
Calculate the excess &f 4 X > g +§§ over its best upper bound given by the @sided)
(

ChebyshevOs Inequality.
A. 0.35 B. 0.22 C.0 D.b0.15 E.D0.20

Solution.
First recall that ta momervgenerating function (MGF) of a mixed distribution is a weighted
average of the pieces of the mixture, and then recall that the MGF of the exponential distribution

. : ! 1
with parameter! is M; (u) =-——, for u</. Therefore, if! =1, for u<1, M, (u)= T
I'"u
This looks familiar, but not exactly as we want. Consider a mixture of a degenerate random

variableW such thatPr (W = O) =1, andT, exponential with mean 1, with the weighttbeing
% and the weight of beingg. Note thatM,, (u) = E(e") = E(€°) =1. We see thaX has a

mixed distribution:
!

# W with probability l

_# 4

=, 3

# T  with pobability —.

g 4

Therefore
E(x):1!0+§!1:§,
4 4 4
Also, the second moment is:
2) = 12,3 _3
E(X )—E(X)—4!0 +20 @r) =0
Secondmoment of T

The variance oK is
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3,9_24 9_15

2 16 16 16 16

... 15 . : : .
The standard deviation 5J4: Because this random variable is rmgative almost suise the

(two-sided) ChebyshevOs Inequality implies that

5& &
l i2| H_?f?( 3 2£(_Pr§f?<"§>ﬁ(:
4 2 4 4 2
5&
—Pr§3(<§ £( +Pr§3(> 3+£( O+Pr§3(> 3+£(
I 3 \/_
Thus Pr#x >— _§ is the best upper bound estimate for this probability provided by the
0
(two-sided) ChebyshevOs Inequality The exact probability is
| 15$ _ $ Roat
0 0

The excess equals approzqmately 0.0B1M125 =P 0.1989. It is interesting to note that if we use
the onesided ChebyshevOs Inequality

1
Iy = " —
Pr(X! pu" k#)=Pr(X u+k#)$1+k2,
with u:g, ! :ﬁ, andk =2, we get
I3 158, 1 1
Pr X>— ==,
# 2 6 1422 5

and the excess equals approximately 0.33Q20 =£0.1489, approximately answer D. But in
my opinion, the onaided version of the ChebyshevOs Inequality is not covered on exam P/1.
Answer E.

17.Dr. OstaszewskiOsnline exercise posted May 7, 2005
The time to failureX of an MP3 player follows a Weibull distribution. It is known that

Pr(X>3)= —i, and thatPr (X > 6) = e_l‘" Find the probability that this MP3 player is still

functional afterd years.
A.0.0498 B.0.0821 C.0.1353 D.0.1690 E.0.2231

Solution.
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 ix&l
The survival function for the Weibull distribution 1§( X)=e sl for x>0, and from the
 #38
information given in the problem we hasg(3) = € ands, (6) = €*. Therefore.e ¥ =¢'*,
#6<(§) ,#4&) #352
as well ase *' =¢*. We are looking fors, (4)=e*"' . Bute 0= ¢t implies that
394
ﬁ/_go =1 or ! =3. Furthermoreg ¥' =¢? =¢* implies that! = 2. Therefore, we conclude
that
!#0453 !#4293 16
s(4)=e¥" =e¥® =¢ 901690
Answer D.

N

18.You are given that the hazard rate for a random varkaise , (x) = =x 2 for x>0, and

N

zero otherwise. Find the meanXf
Al B.2 C.25 D.3 E.35

Solution.
The harder way is to calculate the survival functioX ofa:

uls .
e. 0 ot 2t _ e1 (\/t_)‘o _ e(! Vx+40) — ¢ x

for x>0, and therusing the Darth Vader Rule to calculate the mean:

E(X)= #e ™ dx = #2z¢ “dx=2$ 4z “dx =2

IO# " ¢$ 0 IQ# n ?$
Subditute z=v/X, Mean of EXP(1)
then 2zdz=dx

"+l n

The easy way is to notice that this is the hazard rafe) = ;$&;§ = ?Sx'ﬂ for the

Weibull distribution with!/ :% and! =1 so that
=" Q%+ 1*" =21=2.

Answer B.

19. Let P be the probability that an MP3 player produced in a certain factory is defectiv® with
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assumeda priori to have the uniform distribution on [0, 1]. In a sample of one hundred MP3
players, 1 isdund to be defective. Based on this experience, determine the posterior expected
value ofP.

A. L B. 2 C. 2 D. 1 E. 1
100 101 99 50 51
Soluion.
The posterior probability distribution &fis beta with parameters 1 + 1 =2, and 99 + 1 = 100. Its
expected value isz— = i
100+2 51

Answer E.

20. You are given thaPr(A)zg, Pr(A! B):g, Pr(B|A):%, Pr(C|B):%, and
Pr(c|A! B):%. Find Pr(A/B! C).
AL B. 2 c.> p. L =
3 5 10 2 4
Solution.
First note that
izpr(B|A):—Pr(A! B):§"Pr(A! B),
4 Pr(A) 2

so thatPr(A! B) :%. Furthermore,
Pr(A! B! C) Pr(C|Al B)"Pr(A! B)

AR O ey T (cera(e
B Pr(C/A! B)"Pr(A! B) B ;110 1
~ Pr(C|B)"(Pr(A# B)$ Pr(A)+Pr(A! B))_;,,9@$g+ig T
3 5 10)
Answer D.

21.Let X,....X, be the order statistics from the uniform distribution on JOFihd the
correlation coefficient ofiX,, and X, .

ASM Study Manual for Carse P/1 Actuarial Examination. © Copyright 268309 by Krzysztof Ostaszewski -281-



PRACTICE EXAMINATION NO. 6

l B.!i C.0 D.i E.l
n n+1 n+1 n

Solution.
If X is uniform on [0, 1], so is BX. The order statistics for a random sampleXare the same
as the order statistics for a random sample®X1but in reverse order. This means that we have

E(Xy)=1! E(X,) andvar(x,)=Var(11 X,)=Var(x,). Observehats, (x)=1! x", so
that

1
n
E(X |="(1! X" =—.
(%) 0( X") dx 1
This implies that
_ _ n _ 1
E(Xy) =11 E(X,)=1! =
We also havef, (x)=nx"!, and

1 1

n" —_ n+ —_ n
E(x(zn))=;0¢<2!nx ldx_n;oqk Tdx =

n+2

This implies that:

n , n _n(n+1)°t n’(n+2) n .
n+2 (n+1)’  (n+1’(n+2) _(n+1)2(n+2)_v (X(l))'

The joint densityof Xy and X is determined from observing that)i{l) isin (x, x+dx) and

var(X,)=

X isin (y, y+ dy), with x <y, thenn B2 pieces of the random sample musirbthe interval
(x,y), and the probability of this is

n! n! 2
fx(n'xw (xy)dxdy= (p! 2)! fy-r' %) % oy
# " Q " probavility of gﬁgﬂgg}g probability
number of waysto  beingin the theinterval og b_englg
pick ordered samples interval (x,y) (%, x+dx) theintery
ofsizen! 2 from (y,y+dy)
popuktionof sizen

Therefore,
LY xyln

n"2 ! $y " " n"2 !
E(X(l)x(n)):f‘ﬁm(f x) dxdy=?hy§i§b<(n 1)(y" x) dxzdy:

u=x v="(y" x)"" J Logy
s |FHhveHy” x)T Tdxydy=
o g TR

1 " ne XY 1 $ " n

n

X=y1

1
dy = #{ynﬂdy =
x=0 0

n+2
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o : 1 n , L
This implies that the covarianceis— ! ——5, and the correlation coefficient is:

n+2 (n+1)
L, (n+1)"1 n(n+2)
n+2" (n+1)° _ (n+1)°(n+2) _1
(n+1)’(n+2)  (n+1)’(n+2)

Answer E.

1 2
" #E(In x# )

XN 2!
for x> 0, and 0 otherwise, whege is a constant. You are given that(X ! 2) = 0.4. Find

E(X).

22. A random variablé has the lognormal distribution with density, (x) =

A. 4.25 B. 4.66 C.4.75 D. 5.00 E. Cannot be determined

Solution.
X is log-normal with parameterg and! ? if W =InX! N(/,l,! 2). The PDF of the lognormal

distributionwith parameterg: and! ? is

1 #l(lnx#u)2
f (x)= e? !’
X( ) X, 211
for x> 0, and 0 otherwise. From the form of the density function in this problem we see that
! =1. Therefore

#InX" pu In2" u&
PrlnX! In2) = Pry ! =0.4.
( ) ¥ 1 1 (
Let z,, be the 6&h percentile of the standard normal distribution.Z et a standard normal
InX'! u

random variable. TheRr(Z! " z,,) = 0.40. But

=InX! u is standard normal, thus

In2! p=1z,, andu=In2+z,. From the table! (0.25 =0.5987 and! (0.26)=0.6026
By linear interpolation,
1

7,51 0.25+ 20" 09987 5 56 0.25) = 0.25+ 140.01! 0.2533
| 0.6026" 0.5987 3

,u+1! 2

This givespu=1In2+2z,,! 0.9465 The mean of the legormal distribution isE(X) =e 2 ,S0
that in this case

0.94654-1
E(X)! e 21 42481
Answer A.
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23.You are given a continuous random variable with the derfgify) = %x+%, for 11" x" 1,

and 0 otherwise. Find the densityoE X?, for all points where that density is nonzero.

A. 1 B. 2y C. i D. fy2 E. i
2.y 2y 3 yIn2
Solution.

This is an unusual problem because you cannot use thefdimaala for the density, as the

transformationY = X? is not oneto-one for! 1" x" 1. So the approach using the cumulative
distribution function will work better. We have

t=x
11, 1g,. 't2 t$
F (X)=(3#—t+—gdt=,—+— =
x() ‘(1#2 2% a4 2 »
—!X_2+Z$' Il' l$_X_2+§+1_X2+2X+1_(X+1)2
4 28 %4 2% 4 2 2 4 4
for '1" x" 1, 0 for x<!1, and 1 forx >1. Note thatY takes on only nomegative values.
Therefore

R (y)=Pr(Y!y)=pr(x*! y):Pr("ﬁ! X1 ﬁ):
I v

4 4 4

Hence,
f, (y)

Answer A.

1

<

—~

<

N

1
N
S =
<

24. An insurer has 10 independemeyear term life insurance policies. The face amount of each
policy is 1000. The probability of a claim occurring in the year under consideration is 0.1. Find
the probability that the insurer will pay more than the total expected claim for the year.

A.0.01 B.0.10 C.0.16 D. 0.26 E.0.31

Solution.

The expected claim from each individual policy0id0!1000=100. Thus the overall expected
claim is 1000. The total claim for the year will be more than this expected claim if thereeis mor
than 1 death. The number of claid$ias the binomial distribution with= 10,p = 0.10. We

want the probability thalfl > 1, i.e.,
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Pr(N>1)=1! (Pr(N=0)+Pr(N=1))=

10 % '
=1! . (0.1@ (0.90°
38 o 5010( T3

% %
10 0.10 (0.9¢" =
0 18 &

=1! (0.90° +0.90°) =1! 1.90(0.9¢" ) 0.2639.
Answer D.

25. An insurance policy is being issued for a loss with the following discretédison:
12, with probability 0.4,

~ 420, with pobability 0.6.
Your job as the actuary is to set up a deductidta this policy so that the expected payment by
the insurer is 6. Find the deductible.

Al B.5 C.7 D. 10 E. 15

Solution.
The large loss of 20 will be paafter deductible as 20d, and this can happen with probability
0.60, so that the expected payment of that IonG's(ZO" d) =12" 0.6d.This amount is equal

to 6 ifd = 10. With that large of a deductible, the smaller loss of 2 must always beeabbgrb

the insured, so it will not affect the expected payment, and therefore with the deductible of 10, the
expected payment is 6. Any smaller deductible will increase the expected payment, and a larger
deductible will decrease it. Thus the deductible negsial to 10.

Answer D.

26. For a Poisson random variaiNevith mean/ find lim E(N| N #1).

A. o B.0 C.1 D.e E. Cannot be determined

Solution.

n

/ .
Let f, (n) = 'n—'"e#" for n=0,1,2,E be the probability function of this random variable. We

have
|imE(N|N#1):|im§/Zn$f (n|N#1)=Iim<§/Zn$L(n):lim§n$L(n)=
"o o S TNINL foZ Pr(N#1) ol 1 £,(0)
o 1 2 . E(N) . 1
=l oy & (M) =M =Gy = Mo T o T L
Answer C.
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27.Xis a normal random variable with mean zero and vari%nde is distibuted

exponentially with mean X andY are independent. Find the probabiIF?;/(Y > XZ).

A.i B.\/E C. 1 D.% E.ﬂ

Je ! V2! 2
Solution.
We know that
# &
190
2% l
e = e’

5

\ﬂz—/

for 1" <x<+", andf,(y)=€"? for y>0, so thatfny(x,y):%e"xze"y for 1" <x<+"

andy > 0. Therefore,
HE +H 1 +

(> )= $$ - exze"ydydx=%";$é'xz%Y(xz)dx:fﬂge"xe"xzdxz

%

2 dx = %0/ 2" dx= 2(%0/1;@.
$e dx %ﬁo dx= V2 9% %= =
!###"###$

& g1)°)

Integral of PDF of N(Ov(gt +
*

Answer E.

28. Xy, X2, E, X (400) @re order statistics from a continuous probability distribution with a

finite mean, mediam and variances”. Let ! be the cumulative distribution functiarf the
standard normal distribution. Which of the following is the best approximatizﬁ’m(&(f(zzo) ! m)

using the Central Limit Theorem?

Al (0.05”) B.0.0049 C.0.0532 D.0.0256 E.' %"

Solution.
Let F, be the cumulative distribution function of the distribution under consideration. We have:
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400

Pr(x(zzo)! m): " Pr(Exactly j randomsample demenisare | m) =

j=220

o #40 j a0 0 #400841 &400
F(m) (1) F - |

"oy BV R s

The last expression is the probability that a binomial random variable with parameté@®,p
= 0.5 has at least 220ccesses. The mean of that binomial distribution is 200 and the variance of
it is 100. Denote that binomial variable ByWe have:

# n 1" &
o\ " 200  219.5" 200(

o 0
iy $ 10 1l

=195

) 1" * (1.95) =1" 0.9744) 0.0256

Pr(N! 220 = Pr(N>219.9=Pr

Answer D.

29.N is a Poisson random variable such theN <1) = 2-Pr(N = 2). Find the variace ofN.

A. 0.512 B.1.121 C.1.618 D. 3.250 E. 5.000

Solution.
Let ! be the mean and the variancéNofNVe have
n0 $" nl $" "2 $"
Pr(N!1)= . =2#Pr(N :2):2#i.
0] 1 2!

Therefore, 1+ ! =12, so that

121" 1=0,
and

;= 1+4J1+4

P=—7—
Because the parametérmust be positive,

+

=1 f " 1.618
This is both the mean and the variancé&lof
Answer C.

30. There are two bowls with play chips. The chips in the first bowl are numbered E,2, 3,

10, while the chips in the second bowl are numbered 6, 7, 8, E, 25. One chip is chosen randomly
from each bowl, and the numbers on the two chips so obtained are compared. What is the
probability that the two numbers are equal?
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PRACTICE EXAMINATION NO. 6

N B. = c.t D. = e L
2 5 10 40 50
Solution.
There arel0!20= 200 pairs of chips that can be picked, and of these there are 5 pairs of
identical numbers, sihat the probability desired rsS— = i
200 40

Answer D.
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